It was recently proposed that all flavor mixing has a single source, namely the mixing of the three quark and lepton families with "extra" vectorlike fermions in 5 + 5 multiplets of SU (5). This was shown to lead to several testable predictions including neutrino masses and CP-violating phases. Here it is shown that the mixing angles within grand unified fermion multiplets are also predicted. Proton decay branching ratios would thus give several independent tests of the model. Certain model parameters could be determined independently from the quark and lepton spectrum and from proton decay.
Introduction
In a recent paper [1] , we proposed a highly predictive model that relates the MNS mixing of the leptons [2] and the CKM mixing of the quarks [3] by positing a single source for all flavor violation. The purpose of the present paper is to point out that the same model also predicts all the mixing angles that come into gauge-boson-mediated proton decay, thus giving further tests of the model.
The basic idea of the model, which is based on SU (5) , is that all flavor violation comes from the mixing of the "usual" three families of fermion multiplets, which we shall denote 10 U I + 5 U I , I = 1, 2, 3, with some "extra" vectorlike multiplets, which we shall denote 5 E A + 5 E A , A = 1, 2, ..., N. In particular, it is assumed that the Yukawa terms involving only the "usual" fermions are flavor-diagonal due to an abelian family symmetry. The "extra" vectorlike fermions, on the other hand, do not transform under this symmetry, and as a consequence their Yukawa couplings to the usual fermions produce flavor violation. What ends up happening is that a single matrix, describing the mixing of the usual 5 U multiplets with the extra 5 E multiplets, controls all flavor violation. It turns out, moreover, that this matrix, which we call A ∆ , can be completely determined from the quark masses and CKM parameters alone, This model is also very closely related to a model proposed in 1984 as a solution to the Strong CP Problem [5] . The mechanism for solving the Strong CP Problem proposed there can therefore be easily implemented in the present model. If it is, then further predictions result, though they would require measuring proton decay branching ratios to about a percent accuracy. That the mechanism can be tested at all, however, is quite striking and surprising, as the relevant physics happens at the GUT scale. Again, what makes that possible here is the powerful combination of SU(5) symmetry and abelian flavor symmetry. (Incidentally, the specific abelian symmetry does not really matter, as long as it renders those Yukawa terms that involve only the "usual" fermions flavor diagonal.)
In section 2, we review the model and how it gives predictions for neutrino properties and other quantities. We go into more detail here in our treatment of complex phases than we did in [1] as this is necessary to determine the relative phases of certain proton-decay amplitudes. The simple basic forms predicted by the model for the various quark and lepton mass matrices are shown in Eq. (6) . These result in a prediction of the entire 3 × 3 complex mass matrix of the neutrinos (which contains 9 real observables) in terms of two complex parameters and one real parameters. This prediction is displayed in Eq. (14). In section 3, we derive the predictions for the SU(5) mixing angles and proton decay branching ratios. In section 4, we see that by embedding the model in SO(10), which is very simply done, even more interesting proton decay predictions result. The most interesting proton decay predictions are shown in Eqs. (26) 
where A and B are complex matrices. (A is 3 × 3 and B is 3 × N, where N is the number of "extra" 5 multiplets.) For the 10 multiplets, there are no heavy mass terms or mixing with "extra" multiplets, so the "usual" multiplets are simply the same as the light multiplets: 10 U = 10 L . If we rewrite Eq. (2) in terms of the light fermion multiplets using Eq. (4), and suppress indices for clarity, we obtain
Note that the matrix A appears next to the fermions that are in 5 multiplets, because A reflects the effects of the mixing of those multiplets. The terms in Eq. (5) give the effective mass matrices of the three families of Standard Model fermions, which we will denote by capital M: M u , M d , M ℓ , and M ν . One sees from Eq. (5) that these matrices are products of the diagonal matrices m u , m d , m ℓ , and m ν in Eq. (2) and the matrix A, as follows:
We thus see that all flavor violation is controlled by A. Moreover, the matrix A can be brought to a simple form in the following way. By multiplying A on the right by a unitary matrix, the elements below the main diagonal of A can be made zero. Then by rescaling the rows by multiplying from the left by a complex diagonal matrix, the diagonal elements of A can be set to 1. Thus, A can be written
where D is a complex diagonal matrix, U is a unitary matrix, and A ∆ is a matrix of the form
where a, b, and c are real. (a and b have been made real by absorbing phases in D and U.) Since it will be important to keep track of complex phases for the later analysis of proton decay, let us define D ≡ e iΦ D, where D and Φ are real and diagonal matrices, and similarly
. are real and diagonal matrices.
It will be convenient to define a "flavor basis" of SU (5) multiplets (denoted by superscript
(There are three families of these, but we are suppressing the family indices.) Therefore, if we use Eq. (7) to rewrite the expressions in Eq. (5), we can absorb the factors of U and some of the phases into redefined fermion multiplets, as follows.
This gives the mass matrices of the three Standard Model families in the 10 F , 5 F basis as
Note that so far no transformations have been done that contribute to CKM or MNS mixing. To get to the 10 F , 5 F basis from the 10 L , 5 L basis, we have done a transformation by U to the 5 multiplets, i.e. to (i) the left-handed anti-down quarks (right-handed quarks), which does not affect CKM mixing, and (ii) the left-handed charged leptons and neutrinos, which, because it was the same for the charged leptons and neutrinos, does not affect MNS mixing.
The parameters that come into the quark and lepton masses and the CKM and MNS mixing have been reduced to the matrix A ∆ ; the four real diagonal matrices m u , m d , m ℓ , and m ν ; and two relative phases in Θ ν . Now consider the diagonalization of the mass matrices in Eq. (10), which must be done to find the physical quarks and leptons, i.e. the mass eigenstates, which shall be denoted with a tilde. The matrix M u is already diagonal. It can be made real by redefining the phases of the anti-up quarks. So defineũ = u 10 F andũ c = e iΘ u c u 10
where we use the same names for the parameters as in [1] . The fact that
From this it is easy to see that M d is diagonalized by a unitary rotation from the left (to set to zero the elements above the diagonal) and a negligible rotation from the right. In fact, since M u is already diagonal, one sees that the transformation from the left needed to diagonalize M d is just the CKM matrix:
The mass eigenstates are therefored
F . From Eqs. (11) and (12) it is easy to determine the matrix A ∆ :
Here V us ≡ tan θ C , where V us ≡ sin θ C . (For the other CKM angles the difference between sine and tangent is numerically insignificant.) So the matrix A ∆ is completely determined by measured quark parameters.
The diagonalization of M ℓ proceeds in an analogous way, except transposed. So the nonnegligible rotation in this case is done from the right, i.e. to the left-handed anti-leptons ℓ c , whereas a negligible transformation is needed of the left-handed leptons ℓ. We can write A
Therefore the mass eigenstates of the anti-leptons arel
F . Since negligible rotation of the left-handed charged leptons is needed to diagonalize M ℓ , the MNS mixing comes almost entirely from the diagonalization of the neutrino mass matrix M ν , which is given by
where we have pulled out an overall factor µ ν to scale the 33 element of m ν to 1. Since the transformation to diagonalize M ν is to a very good approximation just the MNS matrix, one
Eq. (14) is the key equation as far as the prediction of neutrino properties is concerned. It contains five real parameters p, α, q, β, µ ν to fit nine neutrino parameters that are (in principle) observable, namely three neutrino masses, three MNS angles, and three CP phases (one "Dirac" and two "Majorana"). There are consequently four predictions. In addition, as explained in [1] , there are strong constraints on parameters that have already been measured but with large errors bars. For example the fits obtained in [1] favor values of θ atm ≤ 45
• , values of θ solar ≤ 34
• , values of m s /m d ≤ 20, and values of the CKM phase ≤ 1.27 radians.
We can now write the content of the SU (5) 
where I is the family index. So, for example, if I = 1, we see that the SU (5) 
Proton decay angles for SU (5) modes
Let us consider proton decay caused by the exchange of the superheavy gauge bosons of SU (5). These obviously only make transitions within the irreducible multiplets of SU (5). From Eq. (15), therefore, we see that the only mixing matrices that enter into such proton decay amplitudes are U M NS , V CKM , and V ℓ c . The CKM and MNS matrices can be measured at low-energy, and are fairly well known. The matrix V ℓ c cannot be measured at low energy, but is predicted by the model, since it comes from diagonalizing A T ∆ m ℓ . A ∆ is known (and given in Eqs. (8) and (13)). The diagonal matrix m ℓ can be determined from the masses of the charged leptons. One finds that to an excellent approximation 
Since the τ lepton is too heavy to be involved in proton decay, only the 12 element of V ℓ c , which we shall call ζ, enters the proton decay amplitudes. (ζ ∼ = 0.02.)
As can be seen from Eq. (15), this model gives quite definite predictions for all the mixing angles that come into SU(5) fermion multiplets and thus into the amplitudes for proton decay via the exchange of the superheavy SU (5) gauge bosons. In particular, one sees that the only mixings that come into those amplitudes are the CKM and MNS elements and the (small) 12 element of V ℓ c .
While this is a definite and (in principle) testable prediction, it is not very distinctive of this model, as all models will involve the CKM and MNS mixing. The one non-zero parameter that comes into proton decay that is distinctive of this model is ζ. Because ζ is small, however, it would be very hard to measure even if proton decay is seen. On the other hand, if ζ were measured, then, as we will show, it would allow a test of a well-known mechanism [5] for solving the Strong CP Problem that is otherwise almost impossible to test.
If we embed this model in SO (10), as is quite natural and simple to do, one finds predictions for proton decay branching ratios that are quite distinctive of this model. In fact, they would allow an independent measurement of the parameter b and a combination of a and c, which are also determined by low-energy physics (see Eqs. (8) and (13)). We shall consider the SO(10) embedding of the model and the resulting proton decay predictions in the next section. First, we shall find the proton-decay operators coming from the exchange of the SU(5) gauge bosons.
Let us denote the superheavy gauge bosons of SU (5) 
Referring to Eq. (15), and keeping only the fermions light enough to be decay products of a nucleon, the relevant operators are
where α 1 and α 2 are the 11 and 22 elements of the diagonal matrix Θ ℓ c . Collecting like terms (and doing a Fierz transformation of the last term in Eq. (18)) we obtain:
where s θ ≡ sin θ C = V us , c θ ≡ cos θ C , and where we have dropped terms of order ζs θ (≈ 0.004) or smaller.
The phases α 1 and α 2 are unknown free parameters of the model. They enter, however, only in the small terms proportional to ζ, and thus their effect would not be significant unless the proton decay branching ratios were measurable to better than a percent accuracy. If the O(ζ) terms could be measured precisely enough, however, it would allow a test of a well-known mechanism for solving the Strong CP Problem, as we will now explain. As noted in [1] , the model we are describing here implements in a very simple way the mechanism for solving the Strong CP Problem proposed in [5] . Indeed, it is the model proposed in Nelson's paper, except that here we have imposed a flavor symmetry to make the Yukawa terms involving the "usual" fermion multiplets diagonal. To solve the Strong CP Problem (assuming no supersymmtry) all that is needed is to impose CP as an invariance of the Lagrangian that is spontaneously broken by the Higgs fields we denoted 1 ′ hI in Eq. (1) . What would happen in that case is that the phases matrices Φ u , Φ d , Φ ℓ , and Φ ν would all vanish. (The phases matrix Φ would not vanish, however, as it comes from the matrix A that arises ultimately from 1 ′ hI .) One can see from Eq. (9), that Θ ℓ c is given by Φ ℓ − Φ d and therefore would vanish. Thus the mechanism for solving the Strong CP Problem [5] predicts that α 1 = α 2 = 0.
Proton decay angles in the SO(10) embedding of the model
More interesting predictions for proton decay arise if the model is embedded in SO(10). This embedding is very simple. The "usual" fermion multiplets are contained in spinors of SO(10), while the "extra" vectorlike fermion multiplets are contained in vectors of SO(10):
Then the Yukawa terms in Eq. (1) come from the following SO(10)-invariant terms:
The analysis presented in sections 2 and 3 goes through without change. Now, however, there are additional superheavy gauge bosons that mediate proton decay, namely those that make transitions between the 10 U and 5 U within the spinors 16 U . These gauge bosons transform as (3, 2, 
The fermions in these operators are in the "usual" multiplets 10 U + 5 U ⊂ 16 U . Let us make this explicit, but suppress the SU(5) indices for clarity:
U . Using Eqs. (4) and (7) , this can be rewritten in terms of the fields in the multiplets 10 F and 5 F shown in Eq. (15):
The gauge bosons in Eq. (23) form a weak doublet with electric charges , which we will denote W (1/3) and W (−2/3) . First, let us consider the couplings of W (1/3) , which will give the proton decay modes with charged leptons. Writing out the terms in the last line of Eq. Combining these SO(10) operators with the SU(5) operators given in Eq. (19), we can compute the proton-decay rates for the two-body decay modes having charged leptons in the final state, namely p → π 0 e + , p → π 0 µ + , p → K 0 e + , and p → K 0 µ + . If we consider the three ratios of these four rates, most of the unknown quantities cancel out. Using the results of [6] we obtain
Γ(p → K 0 e + ) Γ(p → π 0 e + ) = R (bκ) 2 + |2s θ − e −iα 2 ζ|
